Station-keeping maneuvers are necessary for the precise formation flying of spacecraft, because various disturbing forces deviate their relative motion. The objective of this study is to derive a two-impulsive control law for the formation flying of two spacecraft in an orbit with a small eccentricity under the J2 perturbation, especially one that suppresses the relative position deviation during the control period. Because of the J2 perturbation, the relative position and velocity have secular terms. However, it is possible to compensate for the secular terms of the relative motion and create an artificial periodic motion by conducting the impulsive control. In this study, a state transition matrix of the relative motion based on the osculating orbital elements with the first order of J2 is utilized, in order to calculate the secular and periodic terms of the relative motion, to derive an impulsive control law, and to determine the appropriate initial conditions for suppressing the deviation of formation flying. The numerical results of the proposed control law are compared with those of another method, which is based on the relative mean orbital elements, and it is shown that the proposed control law successfully suppresses the formation deviation.
Nomenclature a : semi-major axis e : eccentricity i : inclination ω : argument of perigee Ω : right ascension of ascending node ν : true anomaly θ : argument of latitude n : mean angular motion J2 : second order zonal harmonic coefficient of the Earth's gravitational potential r : position vector from the center of the Earth to the spacecraft r : distance from the center of the Earth to the spacecraft Re : equatorial radius of the Earth t : time T : orbital period Subscripts 0 : initial states c : variables of the chief spacecraft d : variables of the deputy spacecraft
Introduction
The basic equations which describe the relative motion of two spacecraft in formation flying mode are the Hill-Clohessy-Wiltshire (HCW) equations 1, 2) and the Tshauner-Hempel (TH) equations. 3, 4) These equations are derived under the assumptions that the Earth's gravitational field is perfectly spherical, and that the spacecraft are not subjected to any perturbing forces. However, the actual orbit of a spacecraft deviates from the nominal orbit because of various perturbing forces; thus, the relative motion of the spacecraft does not correspond to the solution obtained using the HCW or TH equations. 5) Among the various perturbing forces, one of the most influential perturbations is the J2 perturbing force, which exists because of the Earth's oblateness. 6) Yamada et al. 7, 8) derived the analytical state transition matrix (STM) of the TH equations under the effect of J2. This STM incorporates the osculating orbital elements of the spacecraft, and enables the analytical treatment of relative motion.
Because of the J2 perturbation, the relative motion of the spacecraft may deviate from the nominal motion, and it is necessary to conduct orbit maintenance control. D'Amico et al. derived the impulsive control law based on the relative mean eccentricity and inclination vectors. [9] [10] [11] Although the idea of relative eccentricity/inclination vector separation gives an immediate insight into the relative motion, and is useful for formulating the control law, it does not pay attention to the osculating relative motion, and may cause a relatively large formation deviation. In this study, the STM of Yamada et al. is used to calculate the osculating terms of the relative motion, to derive a two-impulsive control law and to determine the appropriate initial conditions for suppressing the formation deviation.
This paper is organized as follows. In section 2, the formation deviation based on the argument of latitude of the target spacecraft is formulated by means of the STM, incorporating the effect of J2. In section 3, the necessary conditions for the impulsive control and the initial formation deviation are derived for the formation deviation to be periodic. Moreover, the remaining degrees of freedom of the initial formation deviation are utilized to suppress the formation deviation during the control period. In section 4, numerical simulations are presented to show the validity of the proposed impulsive control law. Finally, section 5 presents our conclusions.
Deviation of Relative Motion

Equation of relative motion under J2
In this paper, the target spacecraft flying in the reference orbit is named a chief, and the other spacecraft flying around the chief is named a deputy. In order to describe the relative motion of the two spacecraft, a local vertical/local horizontal (LVLH) coordinate system, centered at the chief is defined, whose x axis points to the chief from the center of the Earth, z axis is perpendicular to the orbital plane of the chief, and y axis is chosen to complete the right hand coordinate system. The relative position of the deputy with respect to the chief is expressed in the LVLH coordinates as (x, y, z), and the state vector of the relative motion is defined as follows:
(1) The equations of the relative motion under the influence of J2 are written as follows:
where wx, wy, and wz are the components of the angular velocity vector of the LHVH frame with respect to the inertial coordinates, expressed in the LVLH. A scalar k and a vector ) (r fJ are defined as follows:
where b rˆ is a unit vector pointing to the North Pole from the center of the Earth, and rb is defined as b b r r r  .
STM including the first order of J2 and eccentricity
Let us define the state vector at initial time t0 as x0. Then, the state vector at time t is expressed as follows:
is an STM derived by Yamada et al. 8) , which includes the first order of J2. Let us assume that the osculating orbital elements of the chief at time t0 are expressed as ac0, ec0, ic0, Ωc0, ωc0, νc0, θc0, and Mc0, and that the nominal true anomaly and the nominal argument of latitude of the chief at time t are expressed as νcn(t) and θcn(t), respectively, which are obtained by propagating νc0 and θc0 without any perturbations. The STM ) , ( 0 t t  can be calculated by using these nominal orbital elements of the chief at time t0 and t.
Assuming that ec0 is a small quantity of the first order, which is the same as J2, the STM ) , ( 0 t t  can be approximated in the first order as follows: 
is a matrix given as follows: 

are only the (2,1) and (2,5) components, and these are given as follows: 
Formation deviation based on the argument of latitude of the chief
Let us express the nominal formation at time t as xn(t). In this study, it is assumed that xn(t) is determined based on the osculating argument of latitude of the chief θc(t), and that xn(t) is explicitly written as a function of θc(t) as follows: 
Then, the formation deviation based on the argument of latitude of the chief at time t is written as follows: 
Design of Impulsive Control
Formation deviation due to impulsive control
In this section, the equations of the deviation of relative motion obtained in the previous section are utilized in order to derive the impulsive control law, and to maintain the formation flying.
Considering the structure of the matrix ) ,
, Eq. (17) shows that the time propagation of the in-plane components of ) ( 0 t x  and that of the out-of-plane components are independent. This means that the in-plane control and the out-of-plane control can be designed separately. In this study, let us make the following assumptions: the impulsive control is conducted once every N orbital periods, the in-plane motion is maintained by two-impulsive controls
, the out-of-plane motion is maintained by one impulse z v  , and the components of these impulsive controls are expressed as follows: , respectively. At these points, the gradient of the position deviation changes discontinuously. In Fig. 1 , the dotted line shows the formation deviation due to the J2 perturbation, and the solid line shows the total deviation after the impulsive control. The difference between these two lines corresponds to the formation deviation induced by the impulsive control,
can be written by means of the STM according to the range of  as follows:
, then there is no effect of
can be calculated by propagating 1 v  using the STM as follows:
can be obtained by propagating 
where CW in  is a 4 4  matrix which consists of the in-plane components of CW  , and i  is set as
can be written according to the range of  as follows:
. Therefore, the out-of-plane components of
can be calculated by propagating z v  using the STM as follows: , the formation deviation, including the effect of the impulsive controls as well as J2 and ec0, is expressed as follows: 
Conditions for periodicity of formation deviation
As obvious from Eqs. (20)- (25), the formation deviation has secular terms, and increases with time. To compensate the secular terms and to create an artificial periodic motion, the impulsive control introduced in the previous section and the initial formation deviation δx0 need to be properly selected. Section 3.2 describes the necessary conditions for the impulsive control and initial formation deviation for creating the periodicity of the relative motion. In section 3.3, the remaining degrees of freedom of the initial formation deviation are utilized to suppress the formation deviation during the control period. Figure 2 shows the outline of the procedure described in sections 3.2 and 3.3. The total number of the variables is 14, where 8 variables relate to the impulsive control (Δvx1, Δvy1, Δvx2, Δvy2, Δvz, 1, 2, and z) and 6 variables relate to the components of the initial formation deviation δx0. The total number of constraints is six, which corresponds to the periodic conditions of the six components of the formation deviation. As shown in step 1 in Fig. 2 , the six variables related to the in-plane impulsive control (Δvx1, Δvy1, Δvx2, Δvy2, 1, and 2) are determined from the periodic
, while the two variables related to the out-of-plane control (Δvz and z) are determined from the conditions of z z    and . To satisfy the periodic condition of δy, one degree of freedom of the initial formation deviation δx0 is used. In step 2, the remaining five degrees of freedom of the initial formation deviation are utilized to minimize the square integral of the formation deviation during the control period. In Plane
Out of Plane
Constraint
Constraints
Step1: Determine impulsive control so that the formation deviation becomes periodic
Step2: Determine δx 0 so that the formation deviation is suppressed minimize: Fig. 2 . Outline of the procedure to obtain impulsive control and optimal initial formation deviation described in sections 3.2 and 3.3.
The formation deviation after N orbital periods is given by substituting   N 2  into Eq. (33) as given below. 
For the formation deviation to be periodic, the following six equations need to be satisfied.
.1. Conditions for periodic in-plane motion
Equations (40), (43), and (44) represent the necessary conditions for x  , x   , and y   to be periodic. By substituting these three equations into Eqs. (34), (37), and (38), the velocity increments  , and 2  , let us determine these values, so that the following cost function Jv is minimized.
The conditions to minimize Jv are given as follows.
Then, 2 x v  , 1  , and 2  which satisfy the above equations are given as follows: 
In the above Eqs. (51) and (54), the double-signs correspond. Equation (41) represents the necessary conditions for y  to be periodic. By substituting Eq. (41) into Eq. (35), the necessary condition for y  is written as follows:
(55) where K is a small quantity of the first order with the dimension of length, and is expressed as follows.
Conditions for periodic out-of-plane motion
From the necessary conditions for z  and z   to be periodic, the following equations are obtained.
Conditions for suppressing the position deviation
From the results of the previous section, it can be seen that the amounts of each impulsive control and phase where the control should be executed are determined by Eqs. In order to suppress the position deviation, let us define the cost function J (>0) by integrating the sum of squares of the position deviations for N orbital periods as follows.
The necessary condition to minimize J is given as follows. 
; then, the following equation will be satisfied. ) , ( 
for N orbital periods, and is given as follows. 
Here
, and is given as follows: 73), the correction of the impulsive controls DX is given as follows:
Bias removal by PI control
If the formation deviation at θc = θc0 coincides with * 0 x  , it can be expected that the norms of x  ， y  , and z  are suppressed, and that the averages of these variables become almost zero during the control period. However, the STM used in this study considers only the first order of J2 and eccentricity, and some errors still remain. Therefore, it is difficult to make the averages of the position deviation exactly zero by utilizing the analytically derived will become close to zero with time.
Numerical Examples
In order to evaluate the validity of the proposed impulsive control law, some numerical examples are shown in this section. Here, the nominal formation flying is assumed as a helix formation, defined by the following equations. )
(86) Figure 3 shows the trajectory of the helix formation flying in the Hill coordinates system. In this helix formation, the locus of the relative motion is a circle of radius Rxz and initial phase angle α. This formation has the advantage of a lower collision risk. From the results of section 3.2, 
With regard to the initial conditions of the chief and the simulation parameters, let us assume two cases as shown in Table 1 .
For each case, two types of impulsive control laws are examined: one is the law proposed in section 3 (Control-A), and the other is the law utilizing the relative mean orbital elements 3, 4) (Control-B). In control-B, the relative in-plane and out-of-plane motions are described by the relative mean eccentricity and inclination vector, respectively, as the general station-keeping controls of a geostationary spacecraft. Let us call the four simulation cases, case 1-A, case 1-B, case 2-A, and case 2-B. In all the cases, the initial value of The results of the time history of the position deviation and the impulsive control are shown in Figs. 4 and 5. The control period N is set as N = 2 and the total simulation time is 12 orbital periods for each case. Although there are some transients at the beginning in cases 1-B and 2-B, the norms of the impulsive control are almost the same for both types of control laws. However, with regard to the position deviation, the deviations in cases 1-A and 2-A are smaller than those in cases 1-B and 2-B. This shows that the proposed control law can suppress the formation deviation successfully. Figures 6 and 7 show the values of the cost function J, defined by Eq. (61), when the control cycle N is changed from 1 to 12. In the figures, the blue solid line and the blue dashed line show the analytical and simulation results, respectively, of the proposed control-A law. The red dashed line shows the results of control-B, where the relative mean orbital elements are used. For comparison, the results of control-B are also shown with the initial formation deviation set at zero (red dotted line).
As long as the control period N is small, the results of the analysis and simulation of control-A almost agree, and they are small when compared to the results of control-B.
Comparing the red dotted line with the red dashed line, it can be seen that as long as the control period N is large, control-B results in smaller formation deviation with the initial formation deviation set at zero, than with the initial formation deviation set as Eqs. (63)-(68). Therefore, it is not always true that the proposed initial formation deviation can suppress the formation deviation if control-B is conducted. This is because the proposed initial formation deviation is determined based on the osculating orbital elements, while control-B is conducted based on the relative mean orbital elements.
If N becomes larger, the difference between the analysis and simulation results of control-A increases. The reason for this difference can be explained as follows. The STM in Eq. (5) originally incorporates only the first order of J2. Although the STM can predict the relative motion in a relatively short time range, it is not suitable for a long time prediction. Therefore, if N is large, the prediction error makes the cost function of the simulation results of control-A larger than that of the analytical results of control-A. 
Conclusions
In this study, an impulsive control law is derived for suppressing the position deviation of formation flying of two spacecraft in a near circular orbit under the J2 perturbation. In the proposed control law, the in-plane relative motion is maintained by two-impulsive controls, and the out-of-plane motion by a single impulse. The conditions for the periodicity of the relative motion are analytically derived, and the appropriate initial values of the formation deviation, which suppresses the relative position deviation during a control period, are determined. Numerical simulation is conducted in order to validate the analytical solution, and to compare the proposed law with another law, which utilizes the relative mean orbital elements. The numerical simulations show that if the control period is relatively small (up to four or five orbital periods), the proposed impulsive control law can effectively suppress the formation deviation without using additional velocity increments. 
